We analyze virtual Compton scattering (VCS) off the nucleon at low energies in a covariant, model-independent formalism. We define a set of invariant functions which, for the structure-dependent part of the VCS amplitude, is free of poles and kinematical zeros. The covariant treatment naturally allows to implement the constraints due to Lorentz and gauge invariance, crossing symmetry, and the discrete symmetries. In particular, when applied to the ep → e ′ p ′ γ reaction, charge-conjugation symmetry in combination with nucleon crossing generates four relations among the ten originally proposed generalized polarizabilities of the nucleon. We perform a 1/M expansion of the VCS amplitude near the real-photon point and show how the generalized polarizabilities can be extracted from such an expansion. Finally, we discuss the real-photon limit including the spin-independent as well as the spindependent polarizabilities.
I. INTRODUCTION
The derivation of the structure of the general virtual Compton scattering (VCS) amplitude from the nucleon has been a problem with a long history [1] [2] [3] . The most sophisticated treatment of the general Compton process with both the initial and the final state photon off-shell, γ * N → γ * N, was presented by Tarrach in [3] . We will use this work as a starting point for our investigation of the structure-dependent part of the VCS amplitude.
Whether one analyzes Compton scattering within the framework of a given theoretical model or experimentally, it is in any case desirable to perform the analysis in terms of a set of amplitudes which is solely determined by the dynamics of the VCS process with the kinematics being factored out. In the case of VCS with one or even two virtual photons, it is by no means trivial to find an adequate set of amplitudes which fulfills this requirement [2, 3] . In particular, as will become obvious in the following, it is a central issue to construct tensor structures and corresponding amplitudes which are free of poles or other kinematical constraints. This problem must be addressed on a model-independent level by taking into account general symmetry principles like gauge and Lorentz invariance and discrete symmetries like parity, time-reversal and charge-conjugation symmetry. We will discuss an ensemble of tensor structures and amplitudes with the desired properties for the case of γ * N → γ * N which then can be applied to the case γ * N → γN with a real photon in the final state. In particular, our results for the structure-dependent part of the VCS amplitude can be expressed in terms of even fewer functions than suggested in [3] .
The process γ * N → γN will be analyzed at the electron laboratories MAMI (Mainz), Jefferson Lab (Newport News) and MIT-Bates by means of electron scattering off a proton target, ep → e ′ p ′ γ [4] . In the electron scattering process the genuine VCS amplitude interferes with the electron bremsstrahlung amplitude also known as the Bethe-Heitler process, which is completely determined by quantum electrodynamics and the electromagnetic form factors of the nucleon. We will not discuss the Bethe-Heitler mechanism in this paper.
The scheduled VCS experiments have stimulated quite a few theoretical activities . Model-independent aspects of VCS have been studied in [5] [6] [7] [8] [9] . The various predictions for model-or structure-dependent quantities related to VCS comprise the constituent quark model [6, 10] , an effective Lagrangian approach [11] , calculations [12] in a coupled-channel unitary model [13] as well as field-theoretical models like the linear sigma model [14] and heavy baryon chiral perturbation theory (HBChPT) [15] . An overview of recent work on VCS may be found in [16] .
The formalism applied most frequently to VCS at small final photon energy and large momentum transfer has been developed in [6] . In that work the structure-dependent part of the VCS amplitude has been parametrized in terms of 10 generalized polarizabilities of the nucleon -3 in the spin-independent and 7 in the spin-dependent part of the amplitude. Recently, a general proof has been given [9] that only two of the three generalized polarizabilities in the spin-independent sector are independent of each other if charge-conjugation symmetry holds. In the present work we will analyze the spin-dependent amplitudes on the grounds of a covariant treatment. The central result of our investigation will be that any theory which is gauge invariant, Lorentz invariant and invariant under parity, time-reversal and charge conjugation, can be parametrized in terms of only six independent generalized polarizabilities instead of ten if one performs the same kinematical approximations as in [6] .
An alternative to the formalism in [6] has been pursued in [8] for VCS from a spin 0 target at small energies and small momentum transfer. We will extend part of this treatment to the case of VCS from a spin 1 2 target in this paper. For use of a analysis of VCS within the framework of HBChPT [23] , we will give explicit formulae for the leading order of the 1/M expansion, where M is the target mass. The technique of the 1/M expansion, which has already been proposed in connection with VCS in [5] , allows for a direct comparison of the results of HBChPT with any other theory which can be organized in a 1/M expansion, with model-independent constraints based on gauge and Lorentz invariance and the discrete symmetries of the scattering amplitude.
Our paper is organized as follows: In Sec. II we briefly review the formalism of [3] , adapting the notation to our conventions, and simplify the results according to our needs. Part of the derivation is contained in App. A. In this section we will also specify the set of amplitudes we will work with.
In Sec. III we investigate the number of independent generalized polarizabilities of the nucleon if one imposes the same kinematical and symmetry constraints as in [6] but in addition requires the VCS amplitude to be invariant under charge conjugation.
In Sec. IV we expand the VCS amplitude as a series in 1/M, retaining only the leading terms and simultaneously expanding this result in terms of the energy of the outgoing photon and the momentum of the initial state photon. Such an expansion facilitates the interpretation of the results obtained in a HBChPT calculation. Some of the rather lengthy formulae are listed in App. C. We also discuss the relationship between the 1/M expansion and the generalized polarizabilities.
Section V deals with the results obtained in the limit of real Compton scattering (RCS), γN → γN. In particular, we will focus on the role of the six polarizabilities which have been introduced by Ragusa [17] and their relation to the quantities introduced in the previous section. Moreover, we give an interpretation of these polarizabilities in terms of the multipoles.
In Sec. VI we analyze the results obtained in the preceding sections in the limit of forward scattering in the c.m. system. Finally, we give a brief summary in Sec. VII.
II. GENERAL STRUCTURE OF THE VCS AMPLITUDE
In this section we discuss the general form of the amplitude M γ * γ for the VCS reaction γ * + N → γ + N. Before going into detail let us briefly explain our notation: The initial (final) photon is characterized by the four-momentum q µ = (ω, q ) (q ′µ = (ω ′ , q ′ )), and the polarization vector ε µ = (ε 0 , ε ) (ε ′µ = (ε ′0 , ε ′ )). The four-momenta of the nucleons read p
For convenience, we introduce abbreviations for the sum of the photon and the nucleon momenta 1 ,
The covariant result for M γ * γ turns out to be a powerful tool for three reasons: First of all, it can be used to investigate the number of independent observables characterizing different kinematical approximations. We study the consequences of the restriction on the lowest-order term in the real-photon energy ω ′ in order to determine the number of independent generalized polarizabilities. If both ω ′ and the absolute valueq ≡ | q | of the three-momentum of the virtual photon are small, it will be difficult to measure the generalized polarizabilities, because higher-order terms in ω ′ may actually be of equal order of magnitude as the linear terms [9] . Therefore, we define new low-energy parameters by expanding M γ * γ simultaneously in ω ′ and | q | up to fifth order. These parameters might lead to a measurable effect in the cross section in the vicinity of the real photon point. Secondly, starting from the VCS results the transition to real Compton scattering is simple and one is able to connect observables defined in RCS with those in VCS. In particular, we can relate the third-order spin polarizabilities, as defined by Ragusa [17] for RCS, to the generalized polarizabilities of Guichon et al. [6] . Finally, our covariant result is appropriate to determine the general form of the VCS amplitude in any specific frame. In this paper, we only deal with the c.m. frame.
We start our analysis of the VCS amplitude considering the most general case with two virtual photons. The amplitude can be regarded as the contraction of the VCS tensor M µν with the polarization vectors of the photons, evaluated between the nucleon spinors in the initial and final states,
Throughout this paper we use the conventions of Bjorken and Drell [18] , where M γ * γ * is the invariant matrix element of the VCS reaction. The normalization of the nucleon spinor readsū(p, S)u(p, S) = 1, and the square of the elementary charge is given by e 2 /4π ≈ 1/137. In the following we are only interested in the non-Born contribution to the Compton tensor, as this part involves the polarizabilities and the low-energy constants to be defined below. The model-independent part of the Compton tensor is fixed by low-energy theorems [6, 7] , which are extensions of the famous low-energy theorem for RCS derived by Low [19] , and Gell-Mann and Goldberger [20] . We divide M µν into a Born part M µν A and a non-Born, or structure-dependent part M µν B ,
We note that the splitting in Eq. (3) is not unique [6, 7] . As a consequence, one has to specify which Born part is subtracted from the full Compton tensor before comparing polarizabilities. For a discussion of the ambiguity concerning what exactly is meant by "Born terms", we refer the reader to [7] . Assuming gauge invariance,
a system of independent tensors serving as a basis of M µν was derived by Tarrach [3] . If M Since the work of Tarrach [3] plays an important role in our further analysis, we have summarized its results in App. A, in particular the representation of the Compton tensor in terms of 18 basis elements T µν i :
At this point we stress that the number of independent functions required is actually 18 instead of 21 as suggested in [3] (see App. A). The independent amplitudes B i are functions of four invariants, q 2 , q ′2 , q · q ′ , and q · P . The kinematics of the general VCS process with on-shell nucleons is completely specified by this set, and all other invariants can be expressed in terms of these variables.
So far we have considered both photons to be virtual. Now we will calculate the amplitude M γ * γ of the VCS process γ * + N → γ + N, with real photons in the final state, i.e. q ′2 = 0 and ǫ ′ · q ′ = 0. In this specific case the tensors T
As a consequence, the invariant VCS matrix element M γ * γ B can be written as
Equation (8), together with the explicit results for the quantities ǫ µ ρ µν i ǫ ′ * ν in Eq. (6), defines the general structure of the VCS amplitude with q 2 = 0 and q ′2 = 0. Since Eq. (8) is Lorentz-invariant, it is frame-independent, and it allows to incorporate the constraints from the discrete symmetries in a rather simple way.
In the following we will work in the c.m. frame, i.e.,
and will use an orthonormal basis defined by the momenta of the photons,
with θ denoting the scattering angle betweenq andq ′ . The matrix element can be decomposed into a purely transverse and a purely longitudinal part,
where current conservation has been used,
at the leptonic and the hadronic vertices, respectively. Note that in the VCS process discussed in this paper the polarization vector of the initial photon is given by the electromagnetic transition current of the electron, ε µ = eū e ′ γ µ u e /q 2 . Current conservation allows one to perform the gauge transformation ε µ → a µ = ε µ + ζq µ . Then the choice ζ = − ε · q/ω 2 leads to the polarization vector
and thereby results in the specific form of M γ * γ B in Eq. (11) . For the following discussion it is useful to decompose the VCS matrix element in Pauli space. We choose the parametrization and the corresponding amplitudes defined in [15] . The transverse and longitudinal matrix elements can, respectively, be parametrized in terms of 8 and 4 structures,
In [6] an alternative set of non-covariant amplitudes has been introduced. The relation between both sets is given in App. B.
III. GENERALIZED POLARIZABILITIES
We now apply the general result of Eq. (8) , in order to determine the number of independent polarizabilities emerging from the leading-order term of a consistent expansion of the structure-dependent amplitude M γ * γ B in the energy ω ′ of the outgoing, real photon [6] . For completeness we include the results of [9] for the spin-independent polarizabilities in our presentation.
The definition of the generalized polarizabilities in VCS is based upon the multipole representation of M γ * γ B [6, 21] . In [6] the multipoles H (ρ ′ L ′ ,ρL)S (ω ′ ,q) were introduced, where ρ (ρ ′ ) denotes the type of the initial (final) photon (ρ = 0 : charge, C; ρ = 1 : magnetic, M; ρ = 2 : electric, E). The initial (final) orbital angular momentum is characterized by L (L ′ ), and the quantum number S distinguishes between non-spin-flip (S = 0) and spin-flip (S = 1) transitions.
The low-energy theorem for VCS [6, 7] states that M
is at least linear in the energy of the real photon. If one restricts oneself to the lowest-order term in ω ′ , only electric and magnetic dipole radiation of the outgoing photon contributes to the amplitude. In that case selection rules for parity and angular momentum allow for 3 scalar multipoles (S = 0) and 7 vector multipoles (S = 1), leading to the same number of generalized polarizabilities (see [6] for more details concerning the definition of the generalized polarizabilities).
It turns out that multipoles containing an electric transition can be replaced by more appropriate definitions. In the case of the outgoing photon only the leading term in ω ′ = | q ′ | is considered. Therefore, Siegert's theorem [22] , together with the continuity equation, offers the possibility to express the electric transitions in terms of the charge transitions. In contrast to the final state kinematics, one is interested in considering an arbitrary threemomentumq of the virtual photon in the initial state, which allows for investigating the momentum dependence of the polarizabilities. Accordingly, one has to be careful when replacing the electric multipoles in the initial state with charge multipoles, because the difference between electric and charge multipoles must not be neglected. This leads to so-
, which are no longer characterized by a well-defined multipole type of the incoming photon.
Bearing these considerations in mind, the generalized polarizabilities can be defined through
as functions ofq 2 [6] . Two of the three scalar polarizabilities can be understood as generalizations of the wellknown electric (α) and magnetic (β) polarizabilities in RCS,
The relations between the generalized polarizabilities in the spin-dependent sector and the lowest-order spin polarizabilities of RCS are derived in Sec. V. Since we perform an expansion in ω ′ , we will introduce two variables,
Following Guichon et al. [6] , the leading terms of the amplitudes A i from Eqs. (14) and (15) read
In the derivation we made use of the transformation (B3) (see App. B) between the A i and the amplitudes defined in [6] . We note that the relation between the matrix element T
V CS
in [6] and M
is given by
We obtain another low-energy expansion of the amplitudes A i if we evaluate Eq. (8) in the c.m. frame. Restricting ourselves to terms linear in ω ′ , the expansion reads
Because of the expansion in ω ′ , the functions in Eq. (21) must have the arguments
Until now we have not used the transformation properties of the functions f i with respect to photon crossing and charge conjugation, which can be obtained from Eqs. (A6) and (7) . In particular, the behaviour with respect to charge conjugation leads to the conclusion that f 3 , f 4 , f 8 , f 10 are odd functions of q · P (see Eq. (A6d)). Consequently, they are at least linear in ω ′ and, therefore, do not contribute to the leading-order terms in Eqs. (21a)-(21l). Hence we can omit these four functions and derive relations between the polarizabilities by comparing the amplitudes A i of the two different low-energy expansions (19a)-(19l) and (21a)-(21l) of M γ * γ B . To be specific, A 4 in Eq. (21d) vanishes to lowest order in ω ′ , thus relating the polarizabilities P (11,11)1 , P (11,02)1 andP (11,2)1 . Two further relations arise because the terms with and without cos θ in the amplitudes A 1 and A 3 are, respectively, given by the same linear combinations of the f i . An inspection of A 11 and A 12 yields a fourth relation: While Eqs. (21k) and (21l) contain only two independent linear combinations of the f i , A 11 and A 12 in Eqs. (19k) and (19l) depend on three polarizabilities. Note that the identity ω 2 0 =q 2 + 2Mω 0 enters into the derivation of the last relation. Altogether, we obtain four relations between the ten original generalized polarizabilities,
The relation between the scalar polarizabilities in Eq. (22a) has already been derived in [9] . It is an important consequence of Eqs. (22a)-(22d) that six independent functions ofq 2 are sufficient to parameterize the structure-dependent VCS amplitude to lowest order in ω ′ . We want to emphasize again that the four relations between the ten generalized polarizabilities are ultimately caused by charge conjugation in connection with nucleon crossing. If we drop the assumption that this symmetry holds, the functions f 3 , f 4 , f 8 , f 10 give a contribution to the leading-order terms in Eqs. (21a)-(21l), and none of our four relations between the polarizabilities is valid any longer. In this sense we find complete agreement with the analysis of [6] , because charge conjugation has not been taken care of in that reference. Atq = 0, particular relations between the polarizabilities and their derivatives can be found by expanding Eqs. (22a)-(22d). We only discuss the most interesting cases: Three of the seven vector polarizabilities vanish atq = 0,
These results follow, in part, from Eqs. (22b) and (22d), if one exploits the expansion
. Eq. (22d) only contains the information that a certain linear combination of P (01,01)1 (0) and P (11,00)1 (0) disappears. The fact that both polarizabilities vanish separately becomes obvious by comparing the angular-independent part of the amplitude A 11 in Eqs. (19k) and (21k).
Combining Eqs. (22b) and (22c) enables us to eliminate P (11, 11) 1 . This leads to a relation between the remainig four vector polarizabilities,
The relations between the generalized polarizabilities also imply that several multipoles are connected at small values of ω ′ . Making use of Eqs. (22a) and (22b) we list the two most striking examples,
These equations are based upon the low-energy expansion of the multipoles given in [6] . Obviously, charge conjugation leads, at least in VCS, to unexpected constraints between the multipoles, which go beyond the conditions due to parity and angular momentum conservation. Whether these constraints are limited to the lowest order in ω ′ is beyond the scope of our present investigation. An answer to this question would require both a multipole analysis including angular momenta L ′ ≥ 2, and an extension of Eqs. (21a)-(21l) to higher orders in ω ′ . In [9] it has been argued that the relation between the scalar electric and magnetic multipole (Eq. (25a)) vanishes in the static limit M → ∞, which is obvious from the definition of ω 0 . However, the second equation (25b) is not affected by this limit. Accordingly, while Eq. (25a) may be interpreted as a recoil effect, the connection between H (11,11)1 and H (11,22)1 seems to indicate an intrinsic property of the target. ¿From a practical point of view, the results in Eqs. (22a)-(22d) are very appropriate to test predictions for the generalized polarizabilities of models incorporating the required symmetries. Moreover, they can serve as constraints for experimental analyses.
With the exception of the electric polarizability α(q 2 ), the measurement of individual polarizabilities requires polarization experiments. In the unpolarized case it has been proposed [6] to extract four linear combinations of the polarizabilities by measuring the structure functions
with G E and G M denoting the electric and magnetic Sachs form factors, respectively. These structure functions describe, to lowest order in ω ′ , the interference between the non-Born and the Born plus Bethe-Heitler amplitude. By use of Eqs. (22a) and (22d) the structure functions P LT and P ′ LT turn out to be mutually dependent via the relation
This indicates that in an unpolarized experiment there are only three independent structure functions containing five generalized polarizabilities.
Finally, for further use we express the polarizabilities P (01,12)1 and P (11,02)1 in terms of the f i ,
Equations (28a,28b) follow immediately from a comparison of A 8 and A 10 in the two different low-energy expansions. Expressions for the remaining polarizabilities can be obtained in a similar fashion.
IV. 1/M EXPANSION
An alternative to the kinematical expansion suggested in [6] and already pursued in [7] , is an expansion of the VCS amplitude simultaneously in ω ′ andq. This expansion covers a different kinematical regime than in the previous chapter (cf. [9] for more details). For this purpose it is useful to further expand the amplitude in powers of 1/M (see also [5] ). In particular this type of expansion is closely related to the power counting used in HBChPT. For the spin-independent part of the VCS amplitude such a calculation was carried out in [15] , where only the contributions of the lowest non-vanishing order in a 1/M expansion were calculated. The results of this calculation could be mapped unto the leading-order terms of a general structure analysis of the spin-independent VCS amplitudes [8, 9] . Starting with the structures in Eq. (6), we will now perform the 1/M expansion of the complete VCS amplitude, adding the spin-dependent part to our previous results [9] and organizing the expansion in powers of ω ′ andq. 2 Expanding the nucleon spinors,
and using Eqs. (8), (11), (14), (15) , where the superscript HB refers to the 1/M expansion. We have performed the expansion to O(r 5 ) where r denotes the kinematical variables ω ′ andq (r ∈ {ω ′ ,q}). This has the following reasons: In the spin-independent sector, the first non-vanishing contributions to the structure-dependent amplitudes appear at O(r 2 ) (see, e.g., [7] ). However, the O(r 2 ) terms in the structure-dependent part of VCS do not differ from the corresponding terms in RCS [7, 9] . Additional structures due to the virtuality of the initial state photon only appear at O(r 4 ). There are no structures with odd powers of r in the spin-independent sector to leading order of a 1/M expansion. As regards the spin-dependent sector, we find the first non-vanishing contributions at O(r 3 ). Again we expect essential modifications due to the virtuality of the initial photon at two orders higher in r. In the spin-dependent sector, there are no structures with even powers of r to leading order.
The expansions of the functions f i to the order O(k 3 ) (k ∈ {q, q ′ }), which enter the derivation of Eq. (C1) read
Summing up, we find that there are contributions to O(r 2 ) (r ∈ {ω ′ ,q}) from 2 independent structure constants,
which are related to the electromagnetic polarizabilities α and β. At O(r 3 ) we find 6 structure constants:
At O(r 4 ) there are 7 constants, Although only the leading order of the 1/M expansion was considered in Eq. (C1), additional higher-order terms will not introduce any new structure constants. However, the explicit values of the structure constants will be modified if higher-order terms are considered. Note that while deriving the results of App. C we counted the leading nonvanishing terms of each structure in the amplitude of Eq. (8) as of the same order in the 1/M expansion. This scheme is confirmed by the calculations in HBChPT [15] .
It is certainly unrealistic to expect that the full set of structure constants will be experimentally determined in the near future. Nevertheless, the parametrization of Eq. (C1) can be quite valuable to analyze special kinematical situations in connection with a model calculation as, e.g., in [23] . This parametrization will allow for an estimate of higher-order terms in ω
′ not yet considered in [6] , which might play an important role at smallq. The 1/M expansion is also useful in another respect, because-with some additional considerations-it allows for a reconstruction of all ten generalized polarizabilities to leading order in 1/M and any order inq-in the following denoted by the subscript l.o.. By comparing the expansion of the amplitudes in Eqs. (21) and (C1) and with the help of Eq. (22) it is only possible to relate five generalized polarizabilities (P (01,01)0 , P (11,11)0 ,P (01,1)0 , P (01,12)1 ,P (01,1)1 ) to the results of a model calculation to leading order in 1/M. Let us illustrate this for P (11, 11) 0 by inspecting A 2 : First we rewrite Eq. (21b), where we make use of Eq. (C1b) and the Taylor expansion of f 1 taken at ω ′ = 0,
With the help of Eq. (19b) we find
Hence the generalized polarizability can be written as
The remaining five generalized polarizabilities P (11,11)1 , P (11,02)1 ,P (11,2)1 , P (01,01)1 , and P (11,00)1 cannot be reconstructed by just comparing Eqs. (21) and (C1), because in the 1/M expansion they appear in terms which are at least of quadratic order in ω ′ and, thus, are absent in Eq. (21) . On the other hand, in Eq. (21) these five polarizabilities come with kinematical factors that are 1/M suppressed compared with the leading terms and, thus, are absent in Eq. (C1). Nevertheless, with some additional considerations it is also possible to extract these five polarizabilities from the result of a 1/M calculation. Let us illustrate this for the case of P (11,02)1 , which is contained in A 10 : Again we make use of the 1/M expansion (Eq. (C1j)) and the Taylor series of f 7 and f 11 in terms ofq 2 . On the other hand according to Eq. (28b) the generalized polarizability has the representation 
one recovers P
from the amplitude A 10 in the form
Similarly and by use of Eq. (22) it is also possible to reconstruct the remaining four polarizabilities for arbitraryq 2 from a leading order 1/M calculation. Finally, we list the leading-order 1/M representation of the six linear combinations of generalized polarizabilities which can be directly obtained from A 
In the Coulomb gauge, the initial and the final state photons of RCS are purely transverse. Consequently, the invariant matrix element is also purely transverse. Starting with Eq. (14) and imposing the constraints of time-reversal invariance (A 5 = A 7 , A 6 = A 8 ), we obtain
Recently, it has been demonstrated by Ragusa [17] that the structure-dependent part of the RCS amplitude can be parametrized in terms of six polarizabilities if one restricts the expansion of the RCS amplitude to third order in the photon energy. Ragusa's analysis was performed in the Breit frame. The RCS amplitudes in the c.m. frame (ω =q = ω ′ = | q ′ |), rewritten in terms of the quantities introduced in Eq. (31), and expanded to O(ω 3 ), read
Comparing this with Ragusa's definitions yields the relations
(4Mf 6,0 + 2f 11,0 ) ,
We note that the Lorentz transformation from the Breit frame to the c.m. frame generates terms of order O(ω 3 ) in the spin-independent part of the amplitude, which are 1/M suppressed compared with the corresponding O(ω 2 ) terms and do not contain any additional structure constants.
We find the following relations between Ragusa's polarizabilities and the generalized polarizabilities atq = 0:
The multipole decomposition of the amplitudes A i reads
where we have only kept those multipoles contributing up to O(ω 3 ). Furthermore, we have exploited time-reversal invariance which results in the two relations
Obviously, the multipole content of Ragusa's six polarizabilities is
We summarize that only two (linear combinations) of the four spin-dependent polarizabilities as defined by Ragusa [17] can be related to the polarizabilities in [6] . This behaviour is somewhat surprising, since all multipoles appearing in the spin-dependent RCS amplitude to lowest order in ω (H (11, 11) 
, are also present in the kinematical limit of [6] . Therefore one can expect that those polarizabilities γ i that are not related to the generalized polarizabilities of Guichon et al., can be derived from the multipoles in VCS by higher derivatives in ω ′ .
VI. FORWARD SCATTERING
Finally, we consider the special case of forward scattering (θ = 0,q =q ′ ). The decomposition of the VCS amplitude reads
Again we express the VCS amplitudes in terms of the functions f i and, using the relations (22), obtain
The 1/M expansion does not yield any significant simplifications in VCS for θ = 0; for this reason we do not give the corresponding expressions here. They can easily be derived from Eq. (C1).
We note that it is not straightforward to discuss forward scattering with the set of amplitudes of Eq. (B3), because the transformation matrix between the amplitude sets of Eqs. (B3) and (14, 15) contains poles for θ = 0.
Finally, we quote the well-known result for the non-Born contribution to RCS that the two terms surviving in forward direction contain the sum of the electric and magnetic polarizability, α(0) + β(0), and the spin (or vector) polarizability γ:
The spin polarizability γ can be written in terms of quantities previously introduced,
This quantity is not contained in the kinematical limit of [6] . Its multipole content is more complicated than in the case of the γ i .
VII. SUMMARY
We analyzed VCS off the nucleon in a covariant, model-independent formalism, which allowed us to include constraints from discrete symmetries in a natural way. We restricted our investigation to the structure-dependent part where the Born part has been separated off. We demonstrated that it is possible to parametrize the VCS invariant matrix element in such a fashion that the tensor structures as well as the corresponding amplitudes are free of kinematical singularities. Consequently, the amplitudes only contain information on the dynamics of the process to be explored by the experiment. We then focused on Compton scattering with a virtual, space-like photon in the initial and a real photon in the final state, because this process will be investigated in future experiments. Applying our covariant approach to particular kinematical scenarios we critically reviewed the formalism presently used in the analysis of VCS experiments below pion threshold [6] . We found that charge-conjugation symmetry in connection with nucleon crossing generates four relations among the ten originally proposed generalized polarizabilities of the nucleon. We further derived relations between the generalized polarizabilities at particular kinematical points. We also prepared the ground for the analysis of VCS near the real-photon point in terms of a 1/M expansion and demonstrated how some of the observables can be related to the generalized polarizabilities. The real-photon limit including both the spin-independent and the spin-dependent polarizabilities in RCS was discussed as well. We hope that some of our results will facilitate future theoretical and experimental analysis. These results have already been quite valuable for the analysis of VCS within the framework of the linear sigma model [14, 24] and HBChPT [15, 23] . The central results derived in this paper were all confirmed on the level of model calculations with these two effective Lagrangians, because they incorporate the relevant symmetries, gauge invariance and Lorentz invariance as well as the discrete symmetries. We consider this as an important check for both the model calculations and our general results.
APPENDIX A: GENERAL FORM OF THE COMPTON TENSOR
A construction of the Compton tensor M µν of the most general VCS reaction γ * + N → γ * +N has been given by Tarrach [3] . Here, we sketch the main features of his derivation and extend it with respect to our considerations. The list of all possible tensor structures K µν i of the most general Compton tensor is built up from the four independent Lorentz vectors q µ , q ′µ , P µ , γ µ . Each structure K µν i must be even with respect to parity transformations, because we consider only parity-conserving interactions. Furthermore, it is useful to choose the K µν i with a well defined behaviour under photon crossing, (q ↔ −q ′ , µ ↔ ν), and under the combination of nucleon crossing and charge conjugation C. With these assumptions one obtains [3] 
Using four-momentum conservation and Dirac's equation it is possible to express each other tensor in terms of the 34 K µν i . Moreover, two nontrivial relations between several of the K µν i
hold [3] , reducing the number of independent tensors to 32. Even if there is some freedom in the choice of the independent tensors, it is convenient to eliminate K µν 13 and K µν 28 [3] , which will not appear in the following derivation any more. Counting the helicities of the four particles involved in the reaction one ends up with the same number 32 = (2 × 2 × 4 × 4)/2, where the division by 2 is due to parity conservation in boson-fermion scattering [25] . Since each photon is considered off shell, it has components of spin 1 and spin 0 and thus enters with four degrees of freedom into the counting [25] .
In order to incorporate current conservation at both photon vertices (see Eq. (4)), one derives linear combinations of the K µν i , which then form the basis vectors of M µν . For the spin-independent amplitude this procedure has been explained in more detail in [8, 9] . In the construction of such gauge-invariant linear combinations it usually happens that poles in the independent invariants q 2 , q ′2 , q · q ′ , q · P of the VCS reaction arise, leading to unphysical zeros or constraints in the corresponding amplitudes of the basis vectors. A general solution developed by Bardeen and Tung [1] avoids this problem, which one encounters in different physical reactions. The application of this method to VCS results in 18 gauge invariant and pole-free tensors [3] ,
The spin-independent tensors T µν 1 , . . . , T µν 5 are the same as in [9] , whereas the basis elements T 
However, the above basis has one drawback. Though the tensors T µν i are free of poles, the corresponding amplitudes B ′ i still contain kinematical constraints. Such a basis is called "non-minimal" [3] . The non-minimality is due to the fact that it is impossible to make a transformation into an equivalent, pole-free basis without introducing any kinematical pole in the transformation matrix [3] . As a consequence, three further gauge invariant and pole free tensors exist, which can be obtained from T µν 1 , . . . , T µν 18 only with factors carrying a single pole in q · q ′ : 
The non-minimality of the basis in Eq. (A2) is reflected by the fact that in the case q · q ′ = 0 the set of tensors in Eq. (A2) does not form a tensor basis any more, because some elements of the original basis become linearly dependent [3] . Unfortunately, the two kinematical scenarios we investigate for the analysis of VCS at small final photon energy ω ′ both imply q · q ′ = 0. For this reason, when constructing the tensor basis for the non-Born part of the process M µν B , we will have to start with a tensor basis different from the one of Eq. (A2).
It turns out that if we use T 16 we obtain a tensor basis which is free of poles and zeroes and, thus, can also be used in the case q · q ′ = 0. However, this new basis is not minimal either, because poles in the invariant q · P can create linear dependencies among the basis elements in the Born part of the Compton tensor. However, this is not the case for the non-Born part, which we are interested in in this paper. The non-Born part of the Compton tensor reads 
Such an expansion of the amplitudes in terms of the four-momenta of the photons has already been performed in [8] in connection with VCS from the pion. ¿From the above Taylor expansion, the fact that in the original representation
the functions C r by definition are free of poles in the kinematical variables, and the symmetry properties of the C r and K µν r it follows that the functions B i (q 2 , q ′2 , q·q ′ , q·P ) , i ∈ J, are free of poles. Furthermore it can be shown that gauge invariance does not generate any additional kinematical constraints on these functions. Thus, Eq. (A5) contains a representation for M µν B which satisfies all requirements -not only for our particular case q · q ′ = 0, but for any choice of kinematical variables in γ * N → γ * N. In particular, it is not necessary to use 3 additional functions as in [3] . Reexpressing this parametrization in the form of Eq. (A3), the functions B 
These equations follow from the definitions of T 
